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Abstract

A setof softwaretools that usecompactlysupportedradial basisfunctions(CSRBFs)to
processscattereddatais proposedin thispaper. To solve problemsconcerningtheprocess-
ing of scattereddatain suchapplicationsasreconstructionof functionalyde�nedgeometric
objects,surfaceretouching,andshapemodi�cations,weemploy a speciallydesignedC++
software library. Thanksto the ef�cient octreealgorithmusedin this study, the resulting
matrix is a band-diagonalmatrix that permitshandlingof large datasetsin a reasonable
time.

The method,classesof the software library, time performanceof the algorithm,and
variousexamplesof theuseof thesoftwaretoolsarediscussed.

Key words: surfacereconstructionandmodi�cation, retouching,scattereddata
interpolation,computergraphics.

1 Intr oduction

Many practicalsurfacereconstructiontechniquesbasedon measureddatapoints
requirethesolutionof optimizationproblemsin the �tting of surfacedata,as,for
example,in restorationdesignor reverseengineeringtasks.Oneof theapplications
consideredin thispaper, namely, reconstructionof volumegeometricmodels,is an
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attractive researchdirection:it makespossibleto speedup thesolutionof reverse
engineeringproblemsby usingscatteredmeasureddata,andaddressesthedemand
for thereconstructionof volumemodelsthatallow arich setof operationsto beap-
plied.Recently, many researchershavepaidattentionto possibilitiesopenedby us-
ing radialbasisfunctions(RBFs)for surfacereconstructionof functionalyde�ned
objects.Traditionally, constructivesolidgeometry(CSG)modelingusessimplege-
ometricobjectsfor abasemodel,whichcanbefurthermanipulatedby implement-
ing a certaincollectionof operationssuchasset-theoreticoperations,blending,or
offsetting.Theoperationsmentionedaboveandmany othershavefoundquitegen-
eraldescriptionsor solutionsfor geometricsolidsrepresentedaspoints

�

x � y� z� in
spacesatisfying f

�

x � y� z��� 0 for a continuousfunction f . Sucha representationis
usuallycalledafunctionrepresentation. Set-theoreticsolidshavebeensuccessfully
includedin this typeof representationwith theapplicationof R-functionsandtheir
modi�cations(see[1], [2]).

A vastvolumeof literatureis devotedto the subjectof scattereddatareconstruc-
tion andinterpolation.In mostapplications,Delaunaytriangulationis usedfor 3D
reconstruction.Themain ideaof Delaunaydecompositionis to reconstructa sur-
facefrom non-uniformsamplesby connectinga subsetof points that arenatural
neighborsin a triangulatedmesh.This approach(see,for example,[3]) performs
ef�cient Delaunaytriangulationof differentshapetypesreconstructedfrom their
cross-sections[4].

A comprehensive overview of relatedstudies,problems,and limitations can be
found in [6], which addressestheseproblemsandintroducesa fastalgorithmfor
constructingC2-continuousinterpolationfunctions.Anotherapproachto surface
reconstructionis skeletal.An implicit surfacegeneratedby point skeletonsmaybe
�tted to asetof surfacepoints[7], but thismethodis rathertime-consuming.

One other approachis to usemethodsof scattereddata interpolation,basedon
minimum-energy properties[8], [9], [10]. Thesemethodsarewidely discussedin
mathematicalliterature(see[11], [12]). Thebene�tsof modeling3D surfaceswith
the help of RBFshave beenrecognizedin [13] for Phobosreconstruction.RBFs
wereadoptedfor computeranimation[14], [5] andmedicalapplications[15], [16],
andwere�rst appliedto implicit surfacesby Savchenko et al. [17]. However, the
work requiredis proportionalto the numberof the grid nodesandthe numberof
scattereddatapoints.Theamountof computationbecomessigni�cant, evenfor a
moderatenumberof nodes.Specialmethodsfor reducingtheprocessingtimewere
developedfor thin-platesplines[18]. Theoreticalaspectsof usingradial functions
in compactdomainswere discussedby Light in [19]. Carr et al. [20] have also
recentlyworked on surfacereconstructionof implicitly de�ned 3D objectsbased
on theuseof non-compactsupportedRBFsanda"both-side"approach,which has
beenproposedin [21]. Unfortunately, the authorsof that paperdid not describe
their algorithmin detail.Theapproachtakenby Turk andO'Brien in [21] of using
pointsspeci�edonbothsidesof thesurfacewill providesuccessfulrestorationof a
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surfacearbitrarytopology, but it involvesdrawbacksthatleadoneto supposethatit
would beinef�cient for applyingRBFsin volumereconstruction.It is beyondthe
scopeof this paperto discussall thesematters;let us note,however, that thereis
a problemof constructingor specifyingoff-surfacepointsalonga surfacenormal
thatalsoleadsto adoublingof thegivennumberof surfacepoints.The"both-sides"
approachalsohasa problemwith surfaceextraction:a surfaceextractorcanjump
outsidethebandof non-zeropoints.

Methodsexploiting RBFs can be divided into three groups.The �rst group is
"naive" methods,which arerestrictedto smallproblems,but they work quitewell
in applications,dealingwith shapetransformation(see,for example,[22]). The
secondgroup is fastmethodsfor �tting andevaluatingRBFs,which allow large
datasetsto bemodeled[23], [18]. Thethird andlastgroupis compactlysupported
RBFs[24]. In spiteof signi�cant progressin the �eld of implementingRBFsand
CSRBFs[25], for reconstructionpurposes,it is still anopenquestionwhetherit is
possibleto handlerealisticamountsof datain realtime.WesupposethatRBFsand
CSRBFsaresuitablefor moderatelysized3D datasets;for instance,theexecution
time is about300secondsfor 36000points,without time costsfor surfaceextrac-
tion, asreportedin [23], wherethe authorsusedcommercialsoftwarefor SLAE
solutionandemployedthe"both-sides"approachto reconstructimplicitly de�ned
objects.Nevertheless,RBFspossessmany featuresthatmake themvery attractive
for CGapplicationsdealingwith modi�cation of geometricobjects.In thesimplest
case,whenwe usesphereasa carriersolid (seethedescriptionof our surfaceex-
tractionalgorithmgivenlater in section4) to generateCSGobjectswe restrictour
applicationsto the restorationof objectscloseto a sphere.However, usingother
carriersolidsor dividing thepoint datain partsandmodelingthewholeobjectby
booleancombinationof thedifferentCSRBFfunction,it is possibleto modelany
type of geometry, but it canbe very dif�cult to selectappropriatecarriersolid or
division for thedataset.

Oursoftwaretoolkit canbeusedbothwith carriersolidand"both-sides"approaches
andwe demonstratesomeexamplesof restorationusingboth approacheslater in
section4. Nevertheless,generallyweavoid using"both-sides"approachbecauseit
is not suf�ciently clearhow to de�ne right normalvectorsfor scattereddatasets.
Actually, we noticedin our experimentsthat theresultsof restorationsheavily de-
pendon thenormalvectors.

In practice,reconstructionwith RBFsconsistsof the following steps:sortingthe
data,constructingthe systemof linear algebraicequations(SLAE), solving the
SLAE, and evaluatingthe functions.In fact, while the solutionof the systemis
the limiting step,constructingthe matrix andevaluatingthe functionsto extract
theisosurfacemayalsobecomputationallyexpensive.In this paper, we attemptto
solvethereconstructionproblemaccordingto theabove-mentionedsteps.Thus,the
maingoalof theongoingprojectis to developaneffective library of C++ classes
that canbesuccessfullyappliedto computationallyintensive problemsof surface
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reconstructionanddeformationusingRBF splines.The key point of thesoftware
tools we developedis the ef�cient octreealgorithm proposedin this study: the
resultingmatrix is a band-diagonalmatrix thatpermitshandlingof largedatasets
in a reasonabletime.

This work is a considerablyextendedandimprovedversionof a presentationwe
made[26]. Thepaperis organizedasfollows. In Section2 we describea method
of surfacereconstructionfrom a set of unorganized(scattered)points by means
of radialbasisfunctions.Our algorithmsgive sucha reconstruction(Section3) in
two steps:sortingof dataandsolutionof theSLAE. Section4 givesexamplesof
surfaceconstructionasoneof theapplicationsof our toolkit. Section5 summarizes
theresultsdescribedin thepaper.

2 RBF splines

For a three-dimensionalarbitraryareaW, the thin-plateinterpolationis the varia-
tional solutionthatde�nes a linearoperatorT whenthe following minimumcon-
dition is used: �

W

å
�

a
� �

m

m! � a!
�

Da f �

2dW � min�

wherem is a parameterof the variationalfunctionalanda is a multi-index. It is
equivalentto usingthe radialbasisfunctionsf

�

r ��� r1 or r3 for m � 2 and3, re-
spectively, wherer is theEuclideandistancebetweentwo points.Sincethefunction
f

�

r � is notcompactlysupported,thecorrespondingsystemof linearalgebraicequa-
tions (SLAE) is not sparseor bounded.Storingthe lower trianglematrix requires
O

�

N2
� realnumbers,andthecomputationalcomplexity of amatrix factorizationis

O
�

N3
� . Thus,theamountof computationbecomessigni�cant, evenfor amoderate

numberof points.

Wendlandin [24] constructeda new classof positive de�nite andcompactlysup-
portedradialfunctionsfor 1D, 3D, and5D spacesof theform

f
�

r ���	�


 � P
�

r � � 0 � r � 1

0 � r  1
�

whoseradiusof supportis equalto 1. Thefunctionf
�

r ���

�

1 � r �

2, which is anin-
terpolatedfunctionthatsupportsonlyC0 continuity, is used.Thisfunctionprovides
positivede�nedandnonsingularsystemsof equations.However, it maybepossible
to apply functionsthat supporta highercontinuity, this is a matterfor further re-
search.An investigation[27] of thesmoothnessof this family of polynomialbasis
functionsshows that eachmemberf

�

r � possessesan even numberof continuous
derivatives.
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Thevolumespline f
�

P� having valueshi atN pointsPi is thefunction

f
�

P� �

N

å
j

�

1
l j f

���

P � Pj
�

��� p
�

P� � (1)

wherep � v0 � v1x � v2y � v3z is adegreeonepolynomial.To solvefor theweights
l j we have to satisfytheconstraintshi by substitutingtheright partof equation1,
whichgives

hi �

N

å
j

�

1
l j f

���

Pi � Pj
�

��� p
�

Pi ���

Solving for the weightsl j andv0, v1, v2, v3 it follows that in the mostcommon
casethereis a doubly borderedmatrix T, which consistof threeblocks,square
sub-matricesA andD of sizeN � N and4 � 4, respectively, andB, which is not
necessarilysquareandhasthesizeN � 4.

Heightshi , arenotnecessarilyvaluesof a functionde�ning aselectedcarriersolid.
Arbitrary pointsin theEuclideanspaceEn (moreprecisely, vectorsof deviationsof
somede�ned 3D points)canalsobeused.

3 Algorithm

3.1 Sortingof scattereddata

Space-recursive subdivision is anelegantandpopularway of sortingscattered3D
data.We proposean ef�cient approachbasedon the useof variable-depthoctal
treesfor spacesubdivision, which allows us to obtain the resultingmatrix as a
band-diagonalmatrix thatreducesthecomputationalcomplexity.

Our �rst goal is to build an octal tree[28] datastructurefrom the original point
data.For eachnodeof thetree,weneedto storethefollowing:

� apointerto theparentnode,
� 8 pointersto child nodes,
� apointerto thelist of points(empty, if thisnodeis not a leaf).

Thetotalamountof memoryneededto storesucha treeis (memoryfor eachnode)
� (numberof nodes) � (memoryneededto storepoints) � N. In our software
implementation,weemploy astandardapproachfor creatingthetreefrom aninitial
point datasetwith an additionalrequiredparametricvalueK, which denotesthe
maximumnumberof pointsin the leaf. For thesake of convenience,we scaleall
N pointsin aunit cube.Afterwardswedivide thiscubeinto 8 equalsub-cubes.All
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pointsaresharedamongthesesub-cubes.The root of the treecorrespondsto the
initial cube,andthe8 sub-cubescorrespondto 8 nodeslinkedwith theroot of the
tree.Thisprocedureis appliedto eachcube,until all K pointslie in theirown small
cubes.If oneof the8 cubesdoesnot containpointsin thecurrentstepwe should
notbuild asub-treein thatdirection.

Afterwardswecanusethis treeto searchfor neighborsof any givenpoint from the
givenN points.The neighborsarepointsof a sphereof radiusr, whosecenteris
locatedat thegivenpoint.Wecall this sphereanr-sphere.

To acceleratethesearch,thetreeis simpli�ed aftercreationby removing unneces-
sarynodes.If thenodeA hasonly onesub-nodeB, wecanremovenodetheA node
andreplaceit with B. For example,seeFig. 1 (numeralsrepresentnodenumbers).

This procedureis reasonableto useonly if K is small.For instance,for datain the
example(a) (seeTable1) if K is setequalto 1, applyingof this procedureresults
in removing 113nodesfrom theinitially created2427nodes.

An application-programminglibrarywasdevelopedandcontains7mainC++classes:

� TheCDataListclassde�nesastack,whichweusein ourimplementation,instead
of a list,

� TheCDataListItemclassrepresentsanelementof thestack,
� The CGetFunctionsclassde�nes the interfacefor functionsdependingon the

datastoragetechnology,
� The CPointFunctionsclassinheritedfrom CGetFunctionsclasscontainsfunc-

tions connectinga COctupleTree classwith the array of points, and also the
conditionthatpointsin spacebelongto thesamer-sphere,

� TheCNodeNumberclassservesto describethenode'snumberin thetree,
� TheCOctupleTreeclassde�ning theoctaltreecontainsthemainfunctions,
� TheCOctupleTreeNodeclassservesto representthenodein theoctaltree.

Thecomplexity of creationandsearchingusinganoctal treestronglydependson
the initial dataandthe parameterK. The depthof the treedependson the length
of thecubeedgecorrespondingto theleaf.This lengthis equalto

�

1� 2�

M , where
M is the depthof the tree anddependson the original data.If the initial points
aredistributedmoreor lessuniformly, thenthetreewill have suf�ciently uniform
�lling andwill besymmetric.If K � 1, at that time thetreewill becloseto a full
octal treewith N leaves.The maximumcomplexity of searchingthe treewill be
proportionalto the depthof the tree,that is, � log8N � . A moredetailedaccountof
thesealgorithms,includingaC++ library description,canbefoundin [29].

Theprocedureof searchingfor theneighborsof a point in a givenr-sphereis ap-
plied several timesin theapplication.For example,it is usedin thecalculationof
the function 1 to sumup only the pointsthat areneighborsof the speci�ed point
with coordinates

�

x � y� z� . However, the �rst applicationis the constructionof the
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banddiagonalsub-matrixf
���

P � Pi
�

� , which accountsfor a signi�cant portion of
the computationalcost.Band-diagonalsystemshave a1 � 1 of nonzeroelements
to theleft of thediagonalanda2 � 1 of nonzeroelementsto its right. In our case,
thesenumbersareequal,becauseour matrix is symmetric.In our application,to
storetheband-diagonalmatrix,we usea so-calledpro�le form or a slightly modi-
�ed Jenningsenvelopescheme[30]. To storethematrixA, anarraycanbeusedfor
diagonalelements;valuesof non-diagonalelementsandcorrespondentindicesof
the �rst non-zeroelementsin thematrix linesareplacedin two additionalarrays.
To make our sub-matrixbanddiagonal,we needto re-enumeratethe initial points
in a specialway.

We proposethefollowing algorithm,named"Sortingdatausinganoctaltree"(see
thepseudo-codein Fig. 2):

� Takeapoint from theinitial dataandput it in thelist.
� Go throughthe list andfor eachpoint in the list searchfor theneighborsin the

initial data.Whennew pointsarefound,addthemto thelist.
� Removefrom theinitial arraypointsthathavebeenplacedin thelist.
� If thereareno morepointsin the list (that is, if all pointswereappendedin the

secondstep),thentakethe�rst point remainingin theinitial arrayandrepeatthe
abovesteps.

As a resultof this algorithm,a bandwith maximumsizea1, that is, themaximum
numberof theneighborsof a point, is obtained.Themaximumcomplexity of this
algorithmis the complexity of searchingfor neighborsthroughthe octal treefor
eachpoint, thatis, N � (themaximumcomplexity of thesearchingalgorithm).The
maximumcomplexity of this algorithmis the complexity of searchingfor neigh-
borsthroughthe octal treefor eachpoint, i.e., N � (the maximumcomplexity of
thesearchingalgorithm).We canreduceour computationaloutlaysby calculating
thematrix andorderingof thepointssimultaneously. In the�rst stepof sortingal-
gorithm,we have the�rst point anda list of its neighbors.This meansthatwe can
calculateonerow (andonecolumn)of the band-diagonalsub-matrix.In the next
step,we take thesecondpoint andcalculatethenext row of thematrix,andsoon,
until wehavecalculatedtheentirematrix.

After sortingwe have a bandedmatrix as illustratedin Fig. 3; that is, the matrix
hasthe maximumnumberof nonzeroelementsfor somepoint. Naturally, the re-
sultsof matrix constructiondependon the appropriateselectionof the radiusof
ther-sphere.Notethatthespecialorderprescribedby a sparsematrix to minimize
�ll-ins is not important.Notealsothat thehalf-width for theselectedr cannotbe
decreased.Consideringthefollowing unlikely eventwill clarify thisconcept.If we
connectall neighboringpoints,wewill obtainagraph,andif thisgraphhasacycle,
thenthemaximumsizewe will get is lessthanor equalto thecycle length.Thus,
if theradiusis quitelarge,thenthecyclewill includenearlyall thepointsfrom the
input data.In this case,themaximumsizeof the bandwill alsobe large,andwe
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will have anexpansionof thebandat somepoint.Thepositionof theexpansionis
not importantfor our implementation.

3.2 SLAEsolution

Notethatgoalsin solvingany sparsesystemareto savetimeandspace.According
to theoreticalestimationandour own practicalexperiencewith thereconstruction
of surfacesbasedonusingRBFssplines,thebestmethodof solutionis theHouse-
holdermethod[31]. However, this methodis time-consuming,which becomesa
crucialdrawbackin practicalreconstructionproblems.Theattractivenessof using
implicit methodssuchasconjugategradientmethodsfor largesparsesystemshas
beenwell recognizedin variousapplications.If T is positivede�nite andsymmet-
ric, thealgorithmcannotbreakdown, in theory[32]. Conjugategradientmethods
work well for matricesthatarewell-conditioned.In practicalapplications,this re-
strictioncanlimit theaccuracy with whichasolutioncanbeobtained,andthuswe
preferto useexplicit SLAE solutionmethodsfor matricesstoredin pro�le form.
Theadvantageof GaussianLU decomposition[33] hasbeenwell recognizedand
many softwareroutineshavebeendeveloped.For asymmetricandpositivede�nite
matrix,a specialfactorization,calledCholesky decomposition[31], is abouttwice
asfastasalternativemethodsfor solvinglinearequations.

In our case,we have an SLAE in the form Tx � b, wheresymmetricmatrix T
consistsof four blocks:A, B,C, andCT . Sub-matricesA, B, andC havesizesN � N,
k � k, and N � k, respectively. A is a band-diagonalmatrix, k � 4 for 3D case,
B � 0. A combinationof block Gaussiansolution and Cholesky decomposition
wasproposedby GeorgeandLiu in [32], andin oursoftwaretoolswe follow their
proposal.

4 Surfaceevaluation and extraction

The surface�tted to a setof surfacedatapoint forms a volumemodelof a geo-
metricobject.Thegeneralideaof ouralgorithm[17] is to introducea carriersolid
with a de�ning function fc and to constructa volume spline f

�

P� interpolating
valuesof the function fc in the pointsPi . The algebraicdifferencebetweenf

�

P�

and fc describesthe reconstructedsolid. The algorithmconsistsof two steps.In
the �rst step,we introducea carrier solid object,which is an initial approxima-
tion of the objectbeingsearchedfor. In the simplestcase,it canbe a sphereso
that fc

�

Pi � � P2
i � x � P2

i � y � P2
i � z � 1. Then the dataset r associatedwith the points

r i � fc
�

Pi � : i � 1 � 2 � � � � � N is calculatedatall givenpoints.In thesecondstep,these
valuesare approximatedby a volumesplinederived for randomor unorganized
points.
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Calculationof theresultingsplinefunctionis acceleratedin ouralgorithmby using
previously createdoctal tree.This alsomakesthe renderingtime very small (see
Table1). This surfacecanbe visualizeddirectly usingan implicit ray-tracer, and
canbevoxelizedorpolygonizedtoextractameshof polygons.For thevisualization
of reconstructedvolumesweuseanimplicit functionmodelertool [34], [35].

Visual inspection(imagesin Fig. 4) allows us to judgethe interpolationfeatures
of the algorithmwe have discussed.We would like to notethat visual inspection
of differentrestorationsshows a dependency of theaccuracy of restorationon the
choiceof theradiusof support.Actually, thereis sometrade-off betweentheef�-
ciency of computationandtherestorationquality. Visualevaluationof theresultis
not suf�cient for anappraisalof thealgorithm,especiallyfor CAGD applications,
wherenumericalerrorestimationis very importantfor comparisonof variousscat-
tereddatainterpolants.To compare,somenumericalmeasureof the error of the
approximationfoundfor a testfunctionis needed.In practice,therootmeansquare
measure(RMS) of the error for the test function and the maximaldeviation be-
tweenthe reconstructedand test functionscanbe used.For the 2D casein [17]
we haveevaluatedtheerrorof approximationby RBFsfor a "noisy" function.The
RMS error is equalto 0 � 02 for thez-coordinatesof 469 randompoints.However,
wehaveto statethatasmallRMSdoesnotguaranteecorrectreconstructionresults.
In ourexperience,theresultsof reconstructionheavily dependontheuniformity of
datadistribution,andin thecaseof reconstructionwith CSRBFsthey dependalso
on appropriatechoiceof theradiusof support.Thus,how to evaluatetheaccuracy
of restorationis an openquestion.Nevertheless,we supposethat RBFs provide
suf�ciently goodinterpolationfeatures,andherewe illustratevisually (seeFig. 5)
theaccuracy of reconstructionasthebooleandifferencebetweenRBFandCSRBF
solutionsfor thesamedataset"head"thatwe have alreadyusedasanexamplein
this section(seeFig. 4 (a)andTable1).

Fig. 5 showsanincreasingwhitearea(differencethatcanbeobservedontheright-
handside of the reconstructed"head")causedby an inappropriatechoiceof the
radiusof support.Let us note that we have a lack of data in the lower part of
the"head".Increasingtheradiusof supportprovidesbetterreconstructionresults.
However, thework requiredfor correctreconstructionof theobjectbecomesnearly
proportionalto thetotal numberof all scattereddatapoints(seeTable2).

Note that the approachof 3D surfacereconstructiontaken in this studydoesnot
guaranteerestorationof highly topologically complex volumeobjects.As noted
in [36], the accuracy of the restorationstronglydependson the uniformity of the
distributionof data.Moreover, RBFsdemonstrateexcessive blendingfeaturesthat
leadto undesirablesmoothingeffects.For 3D reconstructionusingcross-sectional
data,in [36] it is proposedthat, for m differentcontoursin oneslice,m different
function descriptionsof separatecontoursmustbe usedandthat union of the m
carrier functionsde�nes the descriptionof the reconstructed2D object.That is,
introducingm carrier functionsallows us to localize different contourssituated
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in oneslice to avoid an excessive blendingor "spilling" of contours.For the 3D
casesuchan approachlooks exceedinglycomplicated.Nevertheless,we have to
noticethat theresultsof reconstructiondo not dependon thechoiceof thecarrier
functions.Naturally, theapproachtakenbyTurkandO'Brien in [21] of usingpoints
speci�edon bothsidesof thesurfacecanbeapplied(seeFig. 6 (c)).

5 Conclusions

In this paper, we thoroughlyinvestigatedthe problemof developmentC++ tools
basedon the useof CSRBFssplinesfor implementationin variousCG applica-
tions.The main goal of the ongoingprojectis to understandthe processingchar-
acteristicsandcapabilitiesof RBFsandtheir visualizationaspects.Thanksto our
ef�cient octal treealgorithm,the resultingmatrix is a band-diagonalmatrix (not
simply a sparseone) that reducescomputationalcomplexity, allows the applica-
tion of asimpleanddirectSLAE solver, andpermitstheexplorationof suf�ciently
largedatasets.C++ languagewasusedto createreusable,extensible,andreliable
components,which canbeusedin later research.Thetoolkit we have createdcan
beusedin conjunctionwith otheralgorithmsto createanimatedapplications.

Oursecondgoalwasveryclear:todevelopanapplicationfor introductoryuniversity-
level coursesfor studentswith no programmingandCG experience.Studentscan
downloadour softwarebinaries(Linux andWindows versions)from [29]. On this
page,we have alsoestablishedanonlinereconstructionserver, wherethey canin-
putadata�le andgetavisualizationof aVRML objectin theirbrowser(Netscape
Communicator4.x is recommended).
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Initial octaltree Octaltreeaftersimpli�cation
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Fig. 1. Octaltreesimpli�cation.

"Head",Fig. 4 (a),
number of points
N � 1487, the
selectedradius of
supportr � 0 � 2

"Seashell", Fig. 4
(b), number of
points N � 915,
selectedradius of
supportr � 0 � 2

"Venus",Fig. 4 (c),
number of points
N � 6719,selected
radius of sup-port
r � 0 � 13

Treecreationtime 0 � 001sec. 0 � 001sec. 0 � 01 sec.

Sortingtime 0 � 03 sec. 0 � 03 sec. 0 � 26 sec.

Matrix calculation
time

0 � 05 sec. 0 � 02 sec. 0 � 58 sec.

Memory require-
ment to store the
band diagonal
sub-matrix of the
matrixA

1 � 675� 800bytes(1
MiB) (if storedtra-
ditionally it would
be 8 � 856� 576
bytes(8 MiB))

669� 068 bytes (0
MiB) (if storedtra-
ditionally it would
be 3 � 348� 900
bytes(3 MiB))

21� 171� 936 bytes
(20 MiB) (if
stored tradition-
ally it would be
180� 579� 844 bytes
(172MiB))

Solution time
with Cholesky
decomposition

0 � 911sec. 0 � 1 sec. 39� 01 sec.

Polygonal surface
extractiontime

0 � 49 sec. 0 � 41 sec. 2 � 73 sec.

Table1
Processingtime. Testcon�guration: AMD Athlon 1000Mhz, 128 MB RAM, Microsoft
Windows 2000.
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input_list — unsortedlist of points
output_list — sortedlist of points
neighbors_ids_list — temporarylist of integers

i := 0
while (input_list.length

�

0) do
begin

// add�rst elementof input_list to output_list
// remove �rst elementfrom input_list
output_list.add(input_list[0] );
input_list.remove(0);
while (i < output_list.length) do
begin

// �nd in input_list all neighborsof output_list[i] and
// put their indicesinto neighbors_ids_list
// this canbedonewith thehelpof octree
neighbors_ids_list=

FindNeighbors(output_list[i],in put_ list) ;
for j := 0 to neighbors_ids_list.length do
begin

// addneighborelementof input_list to output_list
// remove thiselementfrom input_list
output_list.add(input_list[nei ghbor s_li st[j] ]);
input_list.remove(neighbors_id s_lis t[j] );

end
end

end
Fig. 2. Datasortingto obtainaband-diagonalsub-matrix.

Fig. 3. An exampleof a typical band-diagonalmatrix constructedby the proposedalgo-
rithm.
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(a) (b) (c)

Fig. 4. (a) The"Head"modelreconstruction,(b) The"Seashell"modelreconstruction,(c)
The"Venus"modelreconstruction.

Fig. 5. Visual illustration of thesolutionasthe difference(white area)betweenRBF and
CSRBFsolutionswith theradii of support0 � 4, 0 � 3, and0 � 2, respectively.

Solutiontime Memoryrequiredto storematrixA

RBF 20� 2 sec. 8 MiB

CSRBF, r � 0 � 2 0 � 9 sec. 1 MiB

CSRBF, r � 0 � 3 2 � 2 sec. 2 MiB
Table2
Processingtimeandmemoryrequirementsfor differentradii of support.Testcon�guration:
AMD Athlon 1000Mhz, 128MB RAM, MicrosoftWindows 2000.
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(a) (b)

(c) (d)

Fig. 6. (a)Source(rangedata)pointsof the"Lion-dog" model(courtesyof Dr. A. Belyaev
of The University of Aizu), (b) Reconstructionfrom 19125points;a sphereis usedasa
"carrier function" with r � 0 � 3; reconstructionis very slow (about38 min), dueto a large
radiusof support,but theresultlooksvisuallysmooth,(c) ReconstructionbasedonthePhD
work of HuguesHoppe[37], (d) Reconstructionbasedon the "both-sides"approach;the
selectedradiusof supportr � 0 � 015,and39210"bothsides"constraintsareused.Thepro-
cessingtime in our testcon�guration(AMD Athlon 1000Mhz, 128MB RAM, Microsoft
Windows 2000)is madeup asfollows: treebuild time: 0 � 04 sec,sortingtime: 0 � 401 sec,
matrixconstructingtime:1 � 322sec,solvingtime:12� 017sec.Sizeof band-diagonalmatrix
A: 31752656bytes(30 MiB). Artif acts,which canbeobserved in the image,werecaused
by problemsof surfaceextraction.
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